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We consider antisymmetric tensor products of absolutely p-summing operators.
In connection with this second moments of determinants of random matrices
appear. These second moments are closely related to approximation properties of
the absolutely 2-summing operators and can be used to characterize some classes
of infinite-dimensional Banach spaces. Finite-dimensional results are also obtained
by this approach.  © 1992 Academic Press, Inc.

The starting point of the present paper is the result of Holub [4], which
says that the injective tensor product of two absolutely p-summing
operators § and T is again absolutely p-summing whereas 7n,(S®, T) <
7, (S) 7, (T).

We consider antisymmetric injective tensor products of an absolutely
p-summing operator and prove norm estimates that are better than those
appearing in the general case covered by Holub; see Theorems 1.1 and 1.2.
In connection with this, second moments of determinants of random
matrices appear and suggest a modified definition of the Grothendieck
numbers.

For a linear and continuous operator S between Banach spaces X and
Y these modified Grothendieck numbers are defined by

T,(S; 1) :=sup {f ]

where the supremum is taken over all normalized elements x,, .., x,€ X
and where u is a normalized regular Borel measure on the unit ball of ¥’
equipped with the a(Y’, Y)-topology.

Some basic properties and examples of these quantities can be found in
Section 2. In Section 3 we see that the modified Grothendieck numbers
of S are closely related to the approximation numbers of the composition
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JS, where J: Y —> L,(B,; u) is the canonical embedding. Using this fact
we characterize some classes of Banach spaces in Theorems 3.2-3.4. In the
last section we exploit finite-dimensional estimates of the modified
Grothendieck numbers to reprove a result of Pelczynski and Szarek [9]
concerning cubical volume ratios of convex and symmetric bodies in R”".
With the same method we sharpen the relation between volume ratios of
convex and symmetric bodies using ellipsoids of minimal and maximal
volume and their analytical counterpart, the Grothendieck numbers; see
Corollaries 4.3 and 4.4.

PRELIMINARIES

If nothing is stated to the contrary, all Banach spaces are assumed to be
real or complex. The closed unit ball of a Banach space X is denoted by
By, the dual of X by X'. I, is the identity-operator. The notations of
special sequence and function spaces are adopted from [6]. The space of
all linear and continuous operators from a Banach space X into a Banach
space Y is denoted by £(X, Y) and equipped with the norm

I S| :=sup{||Sx|l: x € By}.

If K is a compact Hausdorff space then W(K) denotes the set of all
normalized regular Borel measures on K.

Let 1< p<oo. An operator Se Z(X, Y) is absolutely p-summing if there
exist pe W(By) (By is equipped with the o(X’, X)-topology) and a
constant ¢ >0 such that

issi<e([, wora@) foran xex

v

The space I1,(X, Y) of the absolutely p-summing operators from X into Y
is endowed with the norm 7,(S) :=inf ¢, where the infimum is taken over
all ¢ >0 such that (*) holds for some measure p.

Since the infimum is attained (see [10, (17.3.2)]) we may say that S is
dominated by p if (*) is satisfied with ¢ =mn,(S).

An operator Se Z(X, Y) belongs to the class '} if there exists a
factorization S=S,S, through a Hilbert space H with S, e Il,(X, H) and

Sell,(Y’', H'). As norm we set

PX(S) = inf{”z(Sl) ”2(S/2)},

where the infimum is taken over all possible representations. According to
[10, (17.4.3)] the infimum is attained again. So we analogously say that S
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is dominated by ue W(B,.) and ve W(B,.) if $=5,8, and y¥(S)=
m,(S,) m,(S5), where S, and §, are dominated by u and v, respectively.

Finally, we call an operator Se % (X, Y) nuclear if there exist sequences
{a,};. <X and {y,} | < Y such that

Sx=Y {(x,a,>y, forall xeX

n=1

and Y 2_ | 4.l |l y.ll < oo. The set of all nuclear operators S from X into ¥
is denoted by N(X, Y) and is a Banach space under

"S) :=inf{ S la,l uynn}.

n=1

More information about the above operator classes can be found in [10]
or [11].

1. ANTISYMMETRIC TENSOR PRODUCTS OF
ABSOLUTELY p-SUMMING OPERATORS

Let X be a Banach space and S, be the group of all permutations of the
set {1,..,n}. For X we define the nth outer product as

A"X :=span {x, A s AX, :=ngn 0Xg) ® - - ®xa(,,,}§®"X

Sn

and denote the closure in the injective tensor product &) X by A7 X. In the
special situation in which X = H is a Hilbert space we use

(s, 1) :=Z det((fri» 8i)ki=1>

(S=Zfli/\ /\fniEA"H,t=Zg1jA A g,,jeA”H>
d i

as scalar product on A"H and form the corresponding closure A3 H. The
usual norm of an element se A2 X is denoted by &(s) (see below). In A5 H
we take t(s) := (s, 5)"%

The elements of A”X can be naturally considered as antisymmetric
functionals on X' x --- x X’ in the following way. To each se A"X with

S=Y,;X;; A --- A X, we assign a continuous functional

Sel(X', .., X'):={t: X'x --- xX'—> R, C: n-linear and continuous}
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S(ay, ., a,) 1=Z det(<xy;, a;>)i =1

§ does not depend on the special representation of s and
151 = sup{|3(a,, .., a,)l: a;€ By} = e(s).

Hence A7 X is an isometric subspace of L(X’, ..., X') and

sl 2y = (L L

is justified for pe W(By,.), se A7 X, and 1 < p < 0.
Furthermore, assuming K to be a compact Hausdorff space we recall
RIC(Ky=C(Kx --- x K) and deduce

1/p
15(ays o a)|7 dilay) - d/u(a,,)>

o

ATC(K)=C*Kx --- xK),

where C*(Kx --- x K) is the subspace of C(K'x --- x K) consisting of all
antisymmetric and continuous functions on K'x --- x K.

Finally, we introduce the outer e-product A7S: ALX - A'Y of an
operator Se L(X, Y) by (A2S)(x; A -+ AXx,):=8x; A --- A Sx,. The
outer 2-product A3S of an operator S acting between Hilbert spaces is
defined analogously.

Now we can formulate the main results.

THEOREM 1.1. Let 2<p< oo and Sell(X,Y) be dominated by the
measure p. Then
e((A478)s)<n! = P (SY sl ey  forall seALX.
Consequently, n,(A"S)<n! "7 7 (S)".
THEOREM 1.2. Let H be a Hilbert space and let Sell,(X, H) be

dominated by the measure p. Then A”S: A7 X — A4 H (induced in the canoni-
cal way) is absolutely 2-summing with

((A"S)s) <n! 2y (SY sl ey Sforall seA7X.

Consequently, n,(A"S) < n! ™2 ny(S)™

To prove the above results we start with a formula which is of
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Cauchy-Binet type and describe A5 L,(£2, u) in the case when (2, %, u) is
a o-finite measure space. For this purpose the linear map

VAL, p) = Ly(2% -+ XQ, pux - xpu)

is defined on the representatives by
YA A L) = o, . 0,) > det(fil{w)):,-)-

Furthermore, for 1< p<oo we denote by Lj(2x -+ xQ, ux --- x p) the
closed subspace of L,(2x --- x, ux --- x u) defined by

{feL,: there exists an antisymmetric /'€ f defined everywhere}.
LemMma 1.3, Let (2, #, i) be a o-finite measure space. Then
A3L2(Qa “)ng(QX XQ,/JX X,U),

where for all s, te A"L,
(5. gt | W)(@0) PON@) d0,) - d(o,)

Proof. Let s, te A"L,(Q, u) be given by s=3,f, A --- A f,; and
t=3;8,; N - A &y Then

(s, t):Zdet(fki, 8y)i-1
:Zdet<j fkig_ljdll)
ij Q ki
=Y Yseno [ [ ful@) - frulo,)

L) Sn

Xga(l)j(wl) ga(n)j(wn) du(w,) - duy(w,)

=3 [ [ @ fu@,)

X det(gkj(w[))k,l du(w,) - - du(w,)
=Y [ [ det(fuate))e

X det(gkj(wl))k,l du(w,) - du(w,)

=n!*‘j~-J Vs Wrdu---du.
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Hence ¥: A"L,(Q)—> L5SL,(2x% --- xQ) is an isometric embedding
(with the factor n! Y?). To show that the extension ¥: A%L,— LS is a
surjection we approximate an element fe L5 by step-functions f, in the
L,-norm. It is clear that we can assume

fk:ZiiXA’l(lx...xA:i (;L[e[R,C’A;‘ieg)'

Considering the operator alt: Ly,(Qx - xQ2)—> L,(2x --- x Q) defined
on the representatives by alt(f)=n!"'3¥, sgnaf, (f (0, ., 0,):=
S(@41), oy @) We obtain [lalt| <1 and

alt(fi) —— alt(f) =/

in the L,-norm. Since alt(f;)e ¥(A"L,) we have f e ¥(A1L,). |

LeMMA 14, Let 2< p< oo, K be a compact Hausdorff space and p a
regular measure. Then the map ®@: C(Kx --- x K) > AL C(K) with
P((@y, . w,) > det(fi(w )i, o )=Si A - A,
can be uniquely extended to a linear and continuous operator
@: LYKx - xK, pux - xpu)—> ATL (K, p).
Moreover | &) <n! ™',
Proof. First we mention that the inclusions

A"C(K)S CHKX -+ X K)S LYKX -+ X K, ju--- x )

are dense with respect to the L,-norm. Let 1=1/p+1/g. Considering
s=3,fu A - A fn€A"C(K) we obtain

12512, = s0p {| T det( S 0 I < 1}

= sup {n!-‘ l [+ ] 501, . 0,) det(gi(@1)) dut@)) - du(,)

|

L/q

< {1~ sl } sup { [ ldet(g,(wk))wdu(wn---du(wn)}

from Lemma 1.3.
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It remains to estimate the second factor from above by n!'4 If g=2 is
taken Lemma 1.3 implies

1/2
(JJ |det(g,(wi))I? du(w,) - - - du(w, >
=n!"?|det((g;, g;))|'"* <n!'.

On the other hand, taking ¢ =1 we use

[ [ 1det(gs @)l ditw,) - duto,)
<y f : f | €1(@aq1) -+ G @oim)] dit(,) -+ dt(e,) < 1.

To treat the remaining case 1 < g <2 we consider the operator
M, L(K)X - x L(K)>L(Kx --- xK)
defined (on the representatives) by

Mq(gls IS gn) = ((wl’ eeey (1),,) - dCt(gl(wk))Z,lz 1)~

Now, for 1/g=6+ (1—0)/2 complex interpolation yields
1M, < M M) 0 <t mt =02 = i
Now we are in a position to prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1, Since S is dominated by u there exist subspaces
XocC(K), X,=L,(K, p) (K:=By) and an operator Be #(X,, Y) with
| Bll < n,(S) such that

x —2 Y
A B
Xy— oy,

y N

+ 7,
C(K) —— L,(K, p)

where A4 is defined by Ax:={x, ), J is the embedding of X, into C(K)
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and J, is the restriction of the embedding .7,,. The injectivity of the
e-product implies the diagram

A8

ATX » A7Y

A7 A IA:B
nJ A:J" n

A7 X, » A'X,
AL ﬂ|

n J' ATy n
A2 C(K) — A7L,(K, p)

én

~

CHKX - xK)———— Ly(Kx --- xK, px --- x )

where J7 is the canonical embedding of C* into L and &, is the map from
Lemma 1.4. We see
n(A}S) <7, (A70,) |47 B| <n,(47T,) | B|"
<IB,I m (T3) IBl"<n! =7 7 (S

Furthermore, let se A7 X. Then

e((47S)5) < |47 B e((477,4)5) < | A7 B| e((47T,JA)s)
<47 Bl &(B,T (A7 A)s)<nt P 1, (S)" sl ey

Proof of Theorem 1.2. Again setting K= B,. we can write the operator
S as S=BJA, where 4e Z(X, C(K)) and Je L(C(K), L,(K, 1)) are the
canonical embeddings and Be P(L,(K, u), H) satisfies | B|| <m,(S). We
obtain

AnX A AL H
A:Al Lga
A7 C(K) ATL,(K, 1)

o,k

CHUKx - xK)—5 LYK X - xK, px -+~ X pt)
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where ¥, is taken from Lemma 1.3 with |, =n!~"% As in the proof of
Theorem 1.1 it follows that n,(A4"S)<n! =2 1,(S)" and

t((A"S)s)<n! =2 ay(SY sl 1ypey  forall seAlX. |

To give a first corollary of Theorem 1.1 we define for S: X —» Y e I7, and
T: Y- Xell, the determinant of 7+ TS as

det(J+TS):=1+ Y tr(A;TS),

n=1

where tr is the unique continuous trace on the operator ideal 173 (see [11,
(4.2.6)]).

Now we can improve [11, (4.7.17)] in the case r=1.

COROLLARY 1.5. Let Sell,(X,Y) and Te Il,(Y, X). Then

|det(I+ TS)| <exp(n(T) n,(S)).

Proof. Using [11, (4.2.6)] and Theorem 1.1 we see

[det(I+ TS)| <1+ Y |tr(A;TS)

n=1

<1+ Y (A7 T) my(4]S)

n=1

<1+ Y 0l ' nyTY my(S). |

n=1

2. MoDIFIED GROTHENDIECK NUMBERS

According to [2] the usual Grothendieck numbers of an operator
Se #(X, Y) are defined as

' (S) :=sup{|det({Sx,, b,>)7 ;1| x,€ By, b,e B, }
=sup{e(Sx; A --- A Sx,)": x, e By},

whereas I',(X) =, (Iy).
Note that I, (X) measures the distance of the #n-dimensional subspaces of
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X to the Hilbert space by approximating the unit ball (of such a subspace)
with the help of ellipsoids of maximal and minimal volume (see [3] and
Corollary 4.4 of this paper).

Theorems 1.1 and 1.2 give rise to the following modification.

Let Se (X, Y) and ue W(B,). Then

1/2n
Fsiyi=sup (| ] 0N, b ) b dub)

where the supremum is taken over all x; € B,. Again we use

In this section we present some basic properties and examples of these
modified quantities “for fixed n,” whereas in the next section we relate
their asymptotic behaviour for “n— oo™ to geometrical properties of the
underlying Banach spaces.

For fixed n the usual and modified Grothendieck numbers satisfy

n

1/2n
(Z—') I\(S) <sup{I'y(S; p): e W(By)} <T(S).

The right-hand inequality is clear. To see the left-hand one let
Xy, w» X, € By and by, .., b, € By, be arbitrary. Defining pu :=
1/n3)_1 0, € W(By), where §, is the Dirac measure at be Y’, we obtain

n! 1/2n
() detccsxa b
1/2n
=([,, o+, 1ot <Sn e -l dute) - duen))
By By
SIS ).

Taking the supremum over x; and b, we arrive at the desired result.
The following observations give more precise information about the
interplay between the different Grothendieck numbers.

LemMa 2.1. Let Se (X, Y), ue W(By.), and J. Y — L,(B; u) be the
canonical embedding. Then

I (JS)=n!"Y" [ (S; ).
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Proof. Applying Lemma 1.3 we obtain
r,(JS)
=sup{|(JSx; A -+ AJSX,, By A - Ab,) ' X € By, b€B, )
=sup{|(JSxy A =+ AJSX,, JSx; A <o AJSX,) |7 X, € By}

1/2n

=n!" " sup {J J |det({Sx;, bj>);tj:llz du(b,)- “dﬂ(bn)}

X By By
=nl" V(S5 ). 1

In the case S =1, we will use a “two sided version” of Lemma 2.1. For

this purpose we define the covariance operator T,e Z(X, X') for a
measure p€ W(B, ) by

6T,y i= | (xa)<y.a) dua)

LEMMA 2.2. Let ue W(By.). Then

FA(T,)=n!™"" I,(X; p)

Proof. By local reflexivity and again by Lemma 1.3 we derive

I (T,)
= sup{|det(<x;, T,y )=l Y x,, i € By}
=sup{|(x1 A AX, P A e A yn)Ang(Bx';y)Il/n: Xis Vi GBX}
=sup{|(X; A - AX,, XA - A Xn)AE'Lz(Bx’,u)ll/": x;€By}

=sup {% L

y

== LX) )

1/n
e ) )t v, e By

Weaker, but more general, variants of Lemmas 2.1 and 2.2 are also
useful. Moreover, they improve [2, (2.1, 2.5)].

LEmMMA 2.1°. Let Se L(X, Y) and let Tell,(Y,Z) be dominated by
ue W(By.). Then

F(TS)<n! = 2" IS5 p) mo(T).
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Proof. Applying Theorem 1.1 to s=Sx, A -.- A Sx, and taking the
supremum over x; € B, we arrive at our assertion. ||

LEMMA 2.2". Let Ae (X, X), SeT'}X,Y), and Be (Y, Y,). If Sis
dominated by pe W(By.) and ve W(By.), then
(BSA)<n! =" [(B';v) IT,(4; 1) v3(S).
Proof. We assume S$=S,S, with S,ell,(X, H) and S,ell,(Y', H)

such that y¥(S)=n,(S;) n,(S5) (4 and v dominate S, and S,, respec-
tively). Setting

s=AxXIA .- AAx®  and  t=BbBIA - A BB

we obtain

|det({ BSAx?, bO>)1 ;|
= |det(¢S, Ax?, SyB'bY)|
=|(S1AXA -+ A S AXS, S4BBIA - A S;B’bﬁ)A;Hl
St(SAXS A oo A S AX)Y T(SLBBO A - A SLB'BY)

<!y (S)) y(Sh)”

(I,

172
X (L ., "'L |det(<B'B], yiy))? dv(y;')---dv(y:))

i/2
Idex(CAx, )1 dua) -+ e |

X

from Theorem 1.2. Passing to the supremum over x{€ By, and b} €By,
yields the desired result. |

Before we consider some examples we derive two basic properties of the
modified Grothendieck numbers which are needed in the sequel

COROLLARY 23. Let Se (X, Y) and ue W(B,.). Then
(S; p)<nt'2 S|,
Proof. Using Lemma 2.1 and [2] we obtain
L (8;p)=m"" I JS)<n"™ IS <t |S|. 1
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COROLLARY 24. Let YS X be Banach spaces and let ve W(B,.). Then
there exists a measure pe W(By.) such that

r(y,wWw<r(x,u)y for n=12,..

Proo[. IfI: Y> Xand J: Y- LyB,;v) are the canonical embeddings
and if J: X — L,(B;v) is an extension of J with n,(J) = n,(/)=1 and the
dominating measure pu€ W(B,.), then

r(Y;v)y=nVr (Jy=n""?"r (JI)
ST p) mo(J) S T X )

according to Lemmas 2.1 and 2.1". |}

Now we are in a position to treat some examples. For the first one we
mention I",(/3)=1 according to [2].

EXAMPLE 2.5. Let ue W(B;r) and {e,} be the standard basis of /5. Then
1/2n
(I, ], dettCen at o1l dutan) - duta) )
By B

I’l! 1/2n
=rﬂam<63 .

In the case in which g is the Haar measure on the sphere S,_, or
p=1/n3¥}_, 9, equality holds.

Proof. By the volume and multiplication properties of the determinant
it is easy to see that

sup{|det({x;, a;>)|: x; € By} = [det(<e;, a;))]

such that
1/2n
(J, -+, 1det(er ol duta) - dutar)) = r,it5i
B{IZ Bf'z

On the other hand, by Lemma 2.1 and [2] we obtain

I (1% p)=n"" (J: 15> Ly(Bpasi )
=n!"" (a,(J) - a,(J))"",

640/68/3-2
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where a,(J) are the usual approximation numbers of J (see Section 3).
With the help of [11, (2.11.24)] we continue to

1\ 1/2n

2n !
> (a, (I + .- +a,,(J)2)1/2<(’—1;> n5(J)

!

r,( Z;u)s(%,
n

< n! 1/2n
550 U .
nn

Now let u be the Haar measure on S, _; or p=1/n37_, 4, In both cases
the covariance operator T,: [ — [} satisfies

<ei7 Tl‘ej> = JB/' a,aj dﬂ({al, veey an}) = 1/n 611.
£
Hence T, = 1/nl. Applying Lemma 2.2 yields
]"n(lg; ,U) = (n!)l/Zn I“,,(l/nl)”z =n «1/2(’1!)1/271‘ I

For later use we construct measures ue W(B) with

[y

h

n!
1 1det(Cen @017 dan) - dutan) =

nn

in a more general way using ellipsoids of maximal volume.

Let E be an n-dimensional Banach space. We will say that ue £(13, E)
is a John-map, if |ull =1 and 7,(u~")=n"? Note that the image u(B) is
the unique ellipsoid of maximal volume which is contained in Bj.

ExaMPLE 2.6. Let E be an n-dimensional Banach space and let
ue Z(15, E) be a John-map. Furthermore, let #~' be dominated by
pe W(Bg) and let ve W(B,;) be the image measure of u with respect to
u'e £(E',13). Then

1/2n
(J J |det({e;, a; )7 ;2017 dv(al)--'dV(a,,))
B{nz B,'Z

n! 1/2n
=Fn(u;”)=(;;> .
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Proof. The left-hand equality follows from

L .

[ 1det(<e, ), dvlay) - dvia,)
[ By

=[] idetCen wh YL, duthy) - duth,)

o]

[ e )l ) - ), € B
Bg B
using the same argument as that given in the proof of Example 2.5. We
consider the right-hand equality. From the construction of the John-map it
is clear that J: E — L,(B; u) considered as a map on the image J(E) and
n~'2y~! may be identified. Hence

n! 1/2n n! 1/2n
I p) =nt"2 Ton™\2u~bu) = (;) r)= (-)
n
according to Lemma 2.1. |

Another example we want to discuss is

ExaMmpLE 2.7. Let ue W(B, ) and let {¢;} be the standard basis of /,.
Then

sup

<.

1/2n
{L, j |det(<e,-k,a,>);:,,=1|2du(a1)-.-du(a,,)}

=L, p)<nl',
If p is induced by the embedding J: [{—1, +1}",v] — B, , where v is the
normalized Haar measure on the product group {—1, +1}", and if ¢; is

a family of independent random variables on [Q, #, P] with P(¢,=1)=
P(e;= —1)=3 then

1/2n
(], 1dete )z, aP@)) = 1itim=ni
o]

Proof. Let ue W(B, ) be arbitrary. Defining r: /; x --- x/; > R by

HXyy o X,) = (JB

9

172
[, 1det(Cx )7 dutay) -+ duar) )
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we obtain a map which is continuous and convex in each component.
Therefore

Ll p)=sup{t(e;, ...e. )" iy < - <i,}.

The estimate I',(I,; u) < n!"/?" follows from Corollary 2.3. Now we assume
p to be the image of the Haar measure v on {—1, +1}™. The continuity
of J and the regularity of v imply the regularity of u. The symmetry of u
yields I, (I;; u)=t(e,, .., e,)"'". Hence

1/2n
r,,(ll;y)=<j(_1 ”N---Ll | det(<er o)1 dv(b,)---dv(b,,))

1/2n
- (J |det(e;)! -2 dP(w)> .
Q

To compute I',(/;; u) we consider the covariance operator T,: [, =1/,
It is not hard to check that

L e, ay{e;, aydu(a)=90,.

Consequently T, =1I: [, — [, such that
Lyl ) =nt"2 ()2 = nt'2
according to Lemma 2.2 and
L1 > 1 )y=sup{|det({Ie,, e;>)i 1| ix, jeN} =1
(again use convexity and continuity). |

Corollaries 2.3, 2.4 and Example 2.7 yield at once

COROLLARY 2.8. Let X be a Banach space which contains I, isometri-
cally. Then there exists a measure e W(By.) such that

r(X;=n"?  for n=1,2,..

In the next section we see that the above property is typical for Banach
spaces containing an isomorphic copy of /,.
3. RELATIONS TO THE GEOMETRY OF BANACH SPACES

We will show that the asymptotic behaviour of the modified Grothen-
dieck numbers I',(X; u) characterizes some classes of Banach spaces. As a
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basic tool we make use of the approximation numbers, which are defined
as

a,(S) :=inf{||S—L{: Le £(X, Y), rank(L) <n}
for an operator Se #(X, Y). In the following it is convenient to set
L8, ={SeLX, Y): {n'"""a,(S)}el,}

for 0< p< oo and 0 < ¢ < o0.

With the help of the following lemma we will translate known results
about approximation numbers of absolutely 2-summing operators into the
language of Grothendieck numbers.

LemMa 3.1, Let Se (X, Y), ue W(By.), and J. Y = L,(B,; u) be the
canonical embedding. Then

ay(JS)---a,(JS)<n! "2 L(S; p)" < c"ay(JS) - a,(JS),

where ¢ >0 is an absolute constant and {a,(JS)} stands for the doubled
sequence {a,(JS), a,(JS), ar(JS), ay(JS), ...}.

Proof. Since
a(JS)--a,(JS)< T, (JS) <c"a,(JS)---a,JS)

according to [3, (2.2)] our assertion follows from Lemma 2.1. ]

The left-hand side of Lemma 3.1 can be formulated more generally.
LEMMA 3.1". Let Se L (X,Y) and let Tell(Y,Z) be dominated by
ue W(By.). Then for all n=1,2, ..
(a(TS)---a, (TSN <n!™ V2" [(S; p) ny(T).

Proof. Considering the factorization T'= BJ, where J: Y - L,(B,.; u) is
as usual and where 7,(T) = || B||, we obtain

(a(TS) - a,(TS)"" < (a)(JS)---a,(JS))" || Bl
<l L(S; p) mo(T)
from Lemma 3.1. |

Let 0 <a < 3. Then all Banach spaces X such that

supn*I(X)< o0
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form a well-known class of Banach spaces. For o« =0 we obtain the weak
Hilbert spaces; « =1 yields the class of all Banach spaces. An L,-space
belongs to the above class whenever o= |1/p— 34| (see [2, 3, 7, 12, 15]).

With respect to the above classes the different Grothendieck numbers
possess the same behaviour.

THEOREM 3.2. Let X be a Banach space and 0<o<i. Then
sup, n~*I' (X) < oo if and only if

supn *I(X;pu)< oo forall pe W(By.).

Proof. Since I'(X;u)<TI,(X) we show one direction only. If Y is an
arbitrary Banach space and Se IT,(X, Y), then we obtain {a,(S)}; - €/,
for 1/p=3}—a from Lemma 3.1". Hence sup, n*I",(X) < oo according to
[7,(45)] or [14,22)]. 1

The asymptotic behaviours of I',(X;u) and I',(X) are not always the
same. For example, I',(X) > 1 whenever dim(X)>=# or in [13] it is shown
that

r(X)=cn'?  ifandonlyif X is not K-convex.

In contrast to this we have the following two results.
THEOREM 3.3. A4 Banach space X is isomorphic to a Hilbert space if and
only if
Y Ir(X;ul/n<o  forall peW(By.)

and (*+)

Y I(X';v)*n<oo  forall veW(By.)

Proof. From Lemma 3.1 (S=1,) and from the factorization argument
given in the proof of Theorem 3.2 it is clear that (*) is equivalent to

IL(X, Y)S 245X, Y) and  IL(X,Y)S Z5,(X,Y) (x)

for all Banach spaces Y. Hence (*) is fulfilled whenever X is isomorphic to
a Hilbert space. Let us treat the converse. The second inclusion of ()
implies {a,(S)} €/, for all S: Z— X with S’ e II,. Hence the definition of
'} and the multiplicity of the approximation numbers imply N(X, X)<
XX, X)< Z5 (X, X). Therefore X is a Hilbert space according to [5,
Theorem 3.157. 1|
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Problem. Does “II,(X, Y)< #9 ,(X, Y) for all Banach spaces Y™ imply
that X is a Hilbert space? From Theorem 3.2 we know that X must be a
weak Hilbert space.

THEOREM 3.4. For a Banach space X the following are equivalent.

(1) X contains an isomorphic copy of [,.
(2) There exist ue W(By) and ¢ >0 such that

r(X;u)=cen'?  for n=1,2,..

(3) There exist pe W(By.) and a, >0 such that for all n=1,2, ...
there are xy, .., X, € By with

px - xpf{(ag, . a,): [det({x, @)V =an'?} > B
Proof. (1)<>(2). A result of Pelczynski and Ovsepian [8, Proposi-
tion 3] says that a Banach space X contains /, if and only if there
exists a non-compact operator S: X -—/,ell,. Hence Lemma 3.1

yields the equivalence. ((1)=>(2) follows directly from Example 2.7 and
Corollary 2.4 in a more constructive way.)

(2) = (3). We choose x,, .., x,, € By with
[ o] 1det(Cri a1 duta) - dula,) > (e/27

Defining o := ¢/4 and
pi=px - xp{(ay, ., a,) |det({x,, a;>)|""" = an'}
we conclude
(¢/2)" n" < (1= p)o®n" + pn" < ((¢/4)*" + p)n”.
Hence p > (¢/2)*" — (c/4)*" = (c/4)* and B :=(c/4)? satisfies (3).
(3)=(2). This is clear since I, (X; 1) = a®'f"n". |

It is known that an operator Se (X, Y) is compact if and only if the
sequence of its Gelfand numbers

¢, (S)=inf{||S|gll: EE X, codim(E) <n}
tends to zero. The same holds for the Kolmogorov numbers

d,(S) :=inf{||Q/S|: F€ Y, dim(F)<n, Qp: Y - Y/F canonical }.
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Now the result of Ovsepian and Pelczynski [8] can be formulated as
foilows.

A Banach space X does not contain /, if and only if ¢,(S)—~ 0
(d(S)—~ 0) for all Sell,(X, Y) and all Banach spaces Y. Moreover, it
is clear that ¢,(S)-—— 0 (or d,(S)—~0) for all SeI'}¥(X,Y)il Xor YV’
does not contain /;.

We will replace the Gelfand (or Kolmogorov) numbers by the
Grothendieck numbers. In general we have

(c1(S) e (SN"ST(S)  and  (di(S)---d,(S))""<T,(S)

for all Se #(X, Y) and all Banach spaces X, Y (this is a result of Carl;
cf. [3]). The converse does not hold in this form since, for example,

1/2 12
e(LIT=1m)<62—  and d,,(l:lr—»z';)stsmT
n

for n=1, .., m (cf. [10, (11.11.11)]) whereas " (I: /T - %)= 1.

THEOREM 3.5. For a Banach space X the following are equivalent.

(1) X does not contain an isomorphic copy of 1,.
(2) For all Banach spaces Y and for all Se Il,(X, Y) we have

r(S)——0.

(3) For all Banach spaces Y, for all Sell,(X,Y), and for all
sequences {x,} < By we have

(e(Sx; A -+ A Sx,)) /" —— 0.

Proof. (1)=>(2). If X does not contain /, then n~ "I (X; u) —~ 0 for
all ye W(By) according to Lemma 3.1 and [8]. Hence (2) follows from
Lemma 2.1".

(2)=>(3). Trivial

(3)=>(1). We assume that X contains a copy of /,, say Y& X. If
{y,} corresponds to the standard basis of /;, the operator S: Y — /, defined
by Sy, :=e, is absolutely 2-summing (cf. [10, (22.4.4)]). It is known that
there exists an extension 7: X — /, e IT,. Hence

eTy A --- ATy, )=¢le; A --- ne,)=1 forall n=1,2, ..,

which is a contradiction to (3). |
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Furthermore, from Lemmas 2.2, 3.1 and [8] we obtain

THEOREM 3.6. Let X and Y be a Banach spaces such that at least one of
the spaces X and Y’ does not contain an isomorphic copy of 1,. Then

I(S)——0  forall Sel#(X,7Y).

Remark. The converse of Theorem 3.6 is not true. If we set X=Y =/,
all operators Sel}(X,Y) factor as S=BA with 4e.%(/,,/,) and
Be £(l,,1)). B is known to be automatically compact (cf. [6, (1.2.c.3)])
such that I',(B) —— 0 according to [3, (2.2)]. Hence I,(S)< T ,(B) |A4|
implies I,(S) —~ 0.

4. CuBIiCcAL VOLUME RATIO

We demonstrate that the Grothendieck numbers are useful for considering
the cubical volume ratio of convex and symmetric bodies in R”. We
reprove a result of Pelczynski and Szarek [9, Corollary 2.2] and use the
estimates, obtained for this purpose, to sharpen the relation between the
Grothendieck numbers and the volume ratio using ellipsoids of maximal
and minimal volume.

As in [9] we also use in Proposition4.2 the Gauss-inequality.
Nevertheless our approach seems to be somewhat different and yields
further consequences.

From now on all Banach spaces are assumed to be real. The volume of
a body C< E, where E is a finite-dimensional Banach space, is taken with
respect to a fixed non-trivial Haar-measure and denoted by |C|. For
simplicity we take the standard Lebesgue measure in the case E=/} or
E=1I".

The cubical volume ratio of the unit ball B, of an n-dimensional Banach
space E is defined as

a(E) :=sup {E)l—(lf—ﬁ)' floo E—-17 ]l < l}l/n.
&

By an ellipsoid D in £ we mean the image of B,; under some ue #(/3, E),
that is, D =u(B;). DE. < B, is the ellipsoid of maximal volume which lies

in B, and DE, 2 B, the ellipsoid of minimal volume which contains Bj.
With the above notation we define the usual volume ratio of E as

B 1/n
vi(E) = (I—lDELI—]) .
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The following easy observation is the reason for the use of Grothendieck
numbers to compare the cubical volume ratio with the usual volume ratio.

LeMMA 4.1. Let E be n-dimensional. Then
a(E)=a(l3) vi(E) I, (u),
where ue (1%, E) is a John-map (|ull =1, ny(u"")=n"?).

Proof. From the definition of a(£) we obtain

|By |B vu(B,n 1n
a(E)=sup{ 2! el _Joud IZ)I:HU:E—J’;HSI}
|Bl’;| |u(Bl;)| |B/§l
lou(B)| Un
= all3) vi(E) sup §— -1 ||v:E—->l'§cH<l} _
i

Using lou(Bp)| = I'y(vuz 15> 15)" | Bl and Iy (vu: 15— 15) = T (vu: 15— 17,)
from [2] we continue to

a(E)y=a(l5) vi(E)sup{l,(vu): |v: E-> 17, ]| <1}

=a(l3) vi(E) I',(u)

since I',(S) =sup{l,(vS): |v: Y > 15 || <1} for Se (X, Y)in general. |

Now we estimate /,(u) from below and from above. The estimate
I' (u)<1 follows from [2] and is clearly the best possible.

PrOPOSITION 4.2. Let E be n-dimensional and let ue £ (15, E) be a John-
map. Then for N=n(n+1)/2

172 ! \2n
(g) <N(N—1)-~-(N—n+1)> <I(u)<l.

Proof. From [16, Theorem 15.5] we know that the inverse u~ ' of a
John-map can be dominated by a pue W(Bg) with card(supp(u))=N.
Setting u=3_, 4, 6,, from Example 2.6 we obtain

1
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n! 1/2n
(~,,> .

H

1/2n
= sup {[ [ idet(Cur )P dutar) - duta)|

fie B/'2

1/2n
il 3 i)

JU< oo <y

We estimate the second factor from above by ((N--- (N—n+1))/N")V*

according to the Gauss-inequality [1, p. 11]. Hence the lower estimate of
I, (u) follows. |

Directly from Lemma 4.1 and Proposition 4.2 we obtain

CoRrOLLARY 4.3 [9, Corollary 2.2]. Let E be n-dimensional. Then

12 — 1/2n
apy<atyuer< () (O e,
n.

where N=n(n+ 1)/2.

We can also improve [3, Theorem 1.1].

COROLLARY 44. Let X be a Banach space and let N=n(n+ 1)/2. Then

Drﬁin i/n N...(N— 1 1/n
oY cp (B

max

Fn(X)Ssup{ SV

n!
where the supremum is taken over all E< X with dim(E)=n.

Proof. The proof is exactly the same as that in [3]. We have to replace
the estimate I',(u) > 1/e by Proposition 4.2. |
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